This paper investigates the contact problem for an arc crack, for example, under a remote compression. A hypersingular integral equation (HSIE) for curved cracks in plane elasticity is suggested. It is found that the direct usage of HSIE cannot solve the mentioned contact problem. For the contact problem, one must take necessary modifications for solving the HSIE. The main modified points are as follows. First, one should assume some portion along the crack under contact. The margin or the end of the contacted portion is determined by the vanishing normal contact stress at the margin point. In addition, it is found that a suggested quadrature rule in conjunction with the curve length method provides a very effective way to solve the HSIE. Finally, several numerical examples are given.
Introduction
The contact problems of cracks have not been solved very well in the past. This can be seen from an example. The solution of the stress intensity factors (SIFs) for an arc crack can be seen from Cotterell and Rice [1980] and Murakami [1987] . In the case of the remote traction σ ∞ xy = p, the first mode SIF is negative at one crack tip from the mentioned solution. This means that the normal crack opening displacement (COD) must be overlapped near the crack tip. The overlapping of COD violates the physical situation of deformation. It is also clear that the mentioned solution cannot be used to the cases of σ For a single line crack case, some contact crack problems were solved [Woo et al. (1988) ; Beghini and Bertini (1996) ]. The contact problem for a single crack with a remote tension and a concentrated force was investigated [Chen (1999) ]. Crack growth in brittle solids under compression was studied [Lauterbach and Gross (1998) ]. Recently, the multiple crack problems under compression were studied [Basista and Gross (2000) ]. Formulation of the problem was based on the assumption that the contact stresses acting on the crack faces are constant. Recently, the contact problem for the multiple cracks is solved [Chen (2004) ]. Birinci and Cakiroglu [2003] studied a contact crack problem in an elastic layer. Those studies belong to the line crack case.
De Bremaecker et al. [2000a Bremaecker et al. [ , 2000b considered compressional fractures as a mixed complementary problem. Shear stresses along the crack face were investigated. Using singular integral equation method, the contact problem is viewed as a perturbation of a noncontacting problem [Helsing and Peters (2000) ]. An arc crack problem in uniaxial loading was studied [Chao and Laws (1992) ; Chao and Rau (1995) ].
It is found that the contact problem for an arc crack is more complicated, simply because the problem belongs to a problem of the undetermined boundary and the undetermined boundary traction. In a real contact problem, the normal component of COD should not be overlapped. However, in the usual singular integral equation of the type of dislocation versus the traction, the unknown function is the dislocation distribution. This is to say it is difficult to obtain the COD by using the mentioned singular integral equation.
The hypersingular integral equation (HSIE) for the curved crack is most suitable for the contact problems, because the unknown function in the equation is the COD. Comparatively speaking, the HSIE for the curved crack is novel, and it was proposed in a later time [Linkov and Mogilevskaya (1990, 1994); Chen (1993) ; Mogilevskaya (2000) ; Martin (2000) ; Linkov (2002) ]. In addition, the involved hypersingular integral should be understood in the sense of finite part value [Hadamard (1923) ; Krenk (1975) ; Kaya and Erdogan (1987) ]. In the integral equation, the COD is taken as unknown, and the boundary traction as right term.
In some cases, for example, the mentioned HSIE can be directly used to solve the problem for a slightly curved arc crack under the remote traction σ
For a contact problem, one must take necessary modifications for solving the HSIE. The main modified points are as follows. First, one should assume some portion along the crack under contact. Alternatively speaking, the normal component of COD must vanish along those portions. The margin or the end of the contacted portion is determined by the vanishing normal contact stress at the margin point, which is shown by Eq. (20) later. In addition, it is found that a suggested quadrature rule in conjunction with the curve length method provides a very effective way to solve the HSIE [Mayrhofer and Fischer (1992) ; Chen (2003) ; Chen and Lin (2005) ].
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In this paper, for three remote loading cases, σ ∞ xy = p, σ ∞ x = −p, and σ ∞ y = −p, the arc crack problem is solved with the computational results for SIFs.
Hypersingular Integral Equation Method for the Contact
Problem of an Arc Crack
For convenience of reading this paper, a compact description for the derivation of the equation is carried out below, and the detail can be referred to [Chen (2003) ; Chen and Lin (2005) ]. The complex variable function method plays an important role in plane elasticity [Muskhelishvili (1953) ]. Fundamental of this method is introduced. In the method, the stresses (σ x , σ y , σ xy ), the resultant forces (X, Y ), and the displacements (u x , u y ) are expressed in terms of complex potentials φ(z) and ψ(z) such that
where G is the shear modulus of elasticity, κ = (3 − ν)/(1 + ν) is for the plane stress problem, κ = 3 − 4ν is for the plane strain problem, and ν is the Poisson's ratio. In Eq.
(1), we denote Φ(z) = φ (z), Ψ(z) = ψ (z). Except for the physical quantities mentioned above, from Eq. (2) a derivative in specified direction (abbreviated as DISD) is introduced [Savruk (1981) ; Chen (2003) ] as follows:
It is easy to verify that J 1 = N + iT denotes the normal and tangential tractions along the segment z, z + dz (Fig. 1) . Second, J 1 value depends not only on the position of a point "z", but also on the direction of the segment "dz/dz". An appropriate complex potential for the problem is [Chen (2003) ; Chen and Lin (2005) ] as follows:
where "L" denotes the curve shown in Fig. 1 .
Simply taking the following steps: (a) substituting Eq. (5) into (3), (b) letting the moving point "z" approach to the points t upper and lower sides along the curved crack, (c) using the generalized Plemelj formula [Savruk (1981) ; Chen (2003) ], (d) rewriting "t 0 " as "t", the following result is obtained:
where
denotes the displacements at a point "t" of the upper (lower) face of crack "L", and U y (t) − iU x (t) denotes the jump value of the displacements, or the COD for the curved crack ( Fig. 1) . From general analysis in the crack problem, the COD function possesses the following properties [Chen (2003) ]:
1/2 ], (at the vicinity of the left crack tip t B ).
], (at the vicinity of the right crack tip t C ).
In order to obtain the HSIE for the curved crack, one should take the following steps:
(a) After substituting Eq. (5) into (2), the resultant force function f = −Y + iX for any given point "z" can be expressed in the form of an integral, where the unknown function g(t) is involved.
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(b) The value of N + iT along the segment z, z + dz is evaluated by using Eq. (4). (c) Let the moving point "z" approach to the points t + 0 and t − 0 , which are located on the upper and lower side along the curved crack ( Fig. 1) .
After using the mentioned steps, the HSIE for a curved crack is obtained as follows:
where "L" denotes the curve crack configuration, and N (t 0 ) + iT (t 0 ) is the traction applied on the crack face, which is given beforehand in the problem (Fig. 1) . In Eq. (8), two regular kernels have the following expression:
In Eq. (8), the first integral with a notation "f.p." is a hypersingular integral, which should be defined in the sense of finite part integral proposed by Hadamard [1923] . Once a solution for Eq. (8) is obtained, the SIF at the left crack tip B (Fig. 1 ) can be evaluated by [Savruk (1981) ; Chen (2003) ]
Similarly, for the right crack tip C we have
The curve length coordinate technique is used to solve the HSIE numerically [Mayrhofer et al. (1992) ; Chen (2003) ]. Some quadrature rules are introduced in the Appendix. If the COD is not overlapped, the above-mentioned analysis provides a solution for the curved crack problem.
Since the displacement is overlapped in the contact problem of an arc crack, necessary modifications must be taken to the solution of the contact problem. Without losing generality, we will take the arc crack under the remote traction σ ∞ xy = p as an example (Fig. 2(a) ). It is shown by computation that the left portion of the arc crack is under contact. The original problem is considered as a superposition of the uniform field and the perturbation field, which are shown in Figs. 2(b) and 2(c), respectively.
After using some quadrature rule (see Appendix), Eq. (8) may be reduced to where "K" (2M × 2M ) is a matrix resulted from Eq. (8), "M " is the number of the collocation points in the qudrature rule ( Fig. 2(c) ), and
In Eqs. (13) and (14), U y,j and −U x,j denote the COD defined by Eq. (6) at the jth node, and N j and T j denote the normal and tangential tractions at the jth node (Fig. 2(c) ).
It is easy to see that the form of Eq. (12) is not appropriate to solve the contact crack problem. In the following we define
where (u n (t) + iu t (t)) + ((u n (t) + iu t (t)) − ) denotes the normal and tangential displacements at a point "t" of the upper (lower) face of crack "L", and U n (t) + iU t (t) denotes the jump value of the displacements, or the COD for the curved crack (Fig. 2(c) ).
From Eqs. (6) and (15), we will find the following relation:
where δ stands for an inclination angle of normal at a point on the arc (Fig. 2(c) ). By using this relation (16), Eq. (12) is reduced to
where "L" (2M × 2M ) is a matrix resulted from the relation (16), and
Clearly, the elements in the matrix "L" are defined by
where, for example, K i,2j−1 and K i,2j are elements in the matrix K shown in Eq. (12), and δ j stands for an inclined angle of normal at the jth node on the arc (Fig. 2(c) ). The detailed computation is composed of the following steps: (a) Assume that the left portion of the arc crack is contacted. Alternatively speaking, the U n,k components are vanishing along the nodes from k = 1, k = 2, . . . , to k = k Q , where the "k Q " is a temporary assumed value (Fig. 2(a) ).
(b) Under the condition expressed in step (a), we solve the boundary value problem shown in Fig. 2(c) . To this end, we need to use Eq. (17), and make some modification for the matrix L. In the case of letting the U n,k components vanish along the nodes from k = 1, k = 2, . . . to k = k Q , we simply let relevant elements in the matrix be a huge value, or L(2k − 1, 2k − 1) = 10 20 , for k = 1, k = 2, . . . to k = k Q . Since the matrix L has been modified, the algebraic equation (17) now is rewritten in the form
where the matrix L md is a modified matrix obtained from L. Therefore, from Eq. (17a), we can get solution for (a) U n,k = 0 for k = 1, k = 2, . . . to k = k Q (this is actually obtained from the huge value correction for some elements in the matrix L), (b) U t,k for k = 1, k = 2, . . . to k = k Q and (c) U n,k and U t,k for k = k Q + 1, k = k Q + 2, . . . to k = M . In conclusion, the vector "U R " can be obtained from the solution of Eq. (17a).
(c) Physically, Eq. (17) means that there is a definite traction applied along the crack face when the COD vector U R is assumed, and this relation is expressed as P = LU R . Once the vector "U R " is obtained from the solution of Eq. (17a), the traction along the crack face including the contacted portion can be evaluated immediately by using Eq. (17) (or P = LU R ) for the problem shown by Fig. 2(c) .
(d) By using the superposition principle, the contact stress N Q (= σ n,Q ) at the node k = k Q (or at the node point "Q"), in the problem shown by Fig. 2(a) , is obtainable.
A condition for determining the boundary of the contact is introduced
Since the computation in the present study is discrete, k Q may be determined by the following rule. When k Q value is increasing gradually (for example, let k Q = 58, 59, 60, . . .), the first one that satisfies the condition N Q > 0 and N Q ≈ 0 is the suitable one for the investigated k Q value. Therefore, the contact curve range "BQ" is determined numerically (Fig. 2(a) ).
Numerical Examples
Three numerical examples with different remote stresses are carried out below.
An example with the remote shear stress σ
∞ xy = p In the first example, the loading is the remote shear stress σ ∞ xy = p (Fig. 2(a) ). In computation, we choose the number of the collocation points M = 155. The calculated results for SIFs at the crack tips B and C are expressed as
In addition, the contact angle α c is expressed by (Fig. 2(a) )
In addition, in the case of not considering the contact effect, the available results [Cotterell and Rice (1980) ] are as follows:
The obtained results for
, and G 2B (α) are tabulated in Table 1 and shown in Fig. 3 . The normal COD (U n ) is vanishing along the contact curve range "BQ" in the derivation, therefore, K 1B = 0 (or F 1B = 0). The listed F 1B values in Table 1 are from the numerical solution, and they are varying within the range −0.0017 to 0.0019, a rather small value. This can partly prove the rightness of the suggested formulation.
Solution of Contact Problem for an Arc Crack Using Hypersingular Integral Equation 127
Table
, and H(α) value for an arc crack under contact with loading σ ∞ xy = p (see Fig. 2 (a) and Eqs. (21)- (24) 
and H(α) value for an arc crack under contact with loading σ ∞ xy = p (see Fig. 2 (a) and Eqs. (21)- (24)).
It is seen from the tabulated results that, in the case of considering contact effect, we have F 1B ≈ 0. However, in the case of not considering contact effect, the relevant G 1B values change from G 1B = −0.2595 (for α = 10
• ) to G 1B = −1.0607 (for α = 90
• ). A negative first mode SIF (or G 1B < 0), or the overlapping of the normal COD, is not acceptable from the physical situation of deformation. (Fig. 2(d) ). In computation, we choose the number of the collocation points M = 155. The calculated results for SIFs at the crack tips B and C are expressed as
In addition, the contact angle α c is expressed by
The obtained results for F 1B (α), F 2B (α), H(α), G 1B (α), and G 2B (α) are tabulated in Table 2 and shown in Fig. 4 .
, and H(α) value for an arc crack under contact with loading σ ∞ x = −p (see Fig. 2(d) and Eqs. (25)- (28)). (25)- (28)).
It is seen from the tabulated results that, in the case of considering contact effect, we have F 1B ≈ 0. However, in the case of not considering contact effect, the relevant G 1B values change from G 1B = −0.0151 (for α = 10
• ) to G 1B = −0.6482 (for α = 90
• ). As before, a negative first mode SIF (or G 1B < 0), or the overlapping of the normal COD, is not acceptable from the physical situation of deformation. We see from (Fig. 2(e) ). In computation, we choose the number of the collocation points M = 155. The calculated results for SIFs at the crack tips B and C are expressed as
In addition, in the case of not considering the contact effect, the available results [Cotterell et al. (1980) ] are as follows:
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The obtained results for F 1B (α), F 2B (α), H(α), G 1B (α), and G 2B (α) are tabulated in Table 3 and shown in Fig. 5 .
, and H(α) value for an arc crack under contact with loading σ ∞ y = −p (see Fig. 2 (e) and Eqs. (29)- (32)). 
, and H(α) value for an arc crack under contact with loading σ ∞ y = −p (see Fig. 2 (e) and Eqs. (29)- (32)).
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Some particular features can be found from the present example. If α ≤ 60 • , the full contact takes place (or α c /α = 1), and F 1B = 0. However, if α ≥ 70
• , the incomplete contact takes place, or α c /α < 1. Alternatively speaking, in this case contact does not take place at the vicinity of the crack tip and F 1B = 0. This feature is not the same as in the previous examples.
Conclusions
As mentioned previously, if one does not consider the contact effect for a contact arc crack, the obtained solution for the SIFs is of no sense. This paper provides an exact formulation and an accurate numerical result for the contact arc crack. A concrete example is introduced below. For an arc crack with remote loading σ ∞ xy = p and the span angle 2α = 100
• , we have the non-dimensional SIFs F 1B ≈ 0, F 2B = 0.5550 (for the left crack tip B) and F 1C = 1.0015, F 2C = 0.2872 (for the right crack tip C). Therefore, it can be concluded that failure must be initiated at the right crack tip C (Fig. 2(a) ).
As mentioned previously, the HSIE is an effective tool for the solution of the contact crack problem since the COD can be obtained from the solution.
The above-mentioned procedure may be used to the contact problem of arbitrary configuration of the curved crack. In the first step, we may complete a computation under full contact condition, or all U n values on nodes are equal to zero. Further, from the numerical solution one may find on some nodes, for example, the normal traction N j < 0 (for j = 1, 2, . . . , j c ) and N j > 0 (for j = j c + 1, . . . , M ). In this case, one may make another computation under the condition U n = 0 on the nodes j = 1, 2, . . . , j c . In fact, the solution for contact crack problem must depend on the iteration. Once the contact condition (similar to the condition shown by Eq. (20)) at the margin nodes of contact portion is satisfied, the final result is obtained.
